Noncommutative Scalar Field Coupled to Gravity by Bertolami, O. & Guisado, L.
ar
X
iv
:g
r-q
c/
02
07
12
4v
3 
 1
9 
D
ec
 2
00
2
DF/IST-7.2002
Nonommutative Salar Field Coupled to Gravity
O. Bertolami and L. Guisado
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A model for a nonommutative salar eld oupled to gravity is proposed via an extension of the
Moyal produt. It is shown that there are solutions ompatible with homogeneity and isotropy to
rst non-trivial order in the perturbation of the star-produt, with the gravity setor desribed by a
at Robertson-Walker metri. We show that in the slow-roll regime of a typial haoti inationary
senario, nonommutativity has negligible impat.
PACS numbers: 11.10.Lm, 04.50+h, 98.80-Cq
I. INTRODUCTION
The idea of nonommuting spatial oordinates has
been proposed long ago by Snyder [1℄, when Quantum
Field Theory itself had just been suessfully established.
More reently, it has been pointed out by Seiberg and
Witten [2℄, that nonommutative geometry arises natu-
rally in ertain limits of string theory, whih has moti-
vated great interest in this topi. Given the Moyal defor-
mation of the produt of funtions, whih denes a non-
ommutative algebra, eld theories have subsequently
been onstruted (see e.g. Refs. [3, 4℄ for reviews) even
though issues like unitarity [5℄ and renormalizability are
not yet fully established. On the other hand, realisti
partile physis models have been onsidered, allowing
to onstrain, to some extent, the value of the nonom-
mutative parameter [6℄.
These results rely mostly on a nonommutative algebra
provided by a new produt of funtions. Nonommuta-
tive geometry has been systematized most remarkably
by Connes [7℄ and Woronowiz [8℄, via the generalized
onept of dierential struture of generi (C⋆)-algebras.
This formulation is believed to be the way to onstrut
a nonommutative version of gravity and even quantum
gravity, via nonommutative dierential alulus [9℄. In
this work however, we shall not follow this approah but
rather derive our results from the nonommutative alge-
bra of a generalized multipliation law for tensors while
leaving the Hilbert-Einstein ation unhanged. It is be-
lieved that this nonommutative algebra approah may
provide some insight into the quantum gravity physis at
the Plank sale.
Several authors have studied the impat of new physis
in inationary models and, hene, on the gaussian har-
ater of energy density utuations or on the isotropy of
the observables. Nonommutativity of the oordinates
introdues a fundamentally new length sale whose im-
print may be important [10, 11℄. As will be disussed,
our approah is similar to the study arried out in Ref.
[12℄, even though dierenes in details lead to somewhat
dierent onlusions. Most remarkably we nd that our
perturbation approah allows for an homogeneous and
isotropi desription of the impat of nonommutativity.
II. GENERALIZED MOYAL PRODUCT
Nonommutativity is usually introdued in Minkowski
spae via a nonommutative Moyal produt dened as
T ∗W (x) = (1)
∞∑
n=0
(i/2)n
n! θ
α1β1 . . . θαnβn (T,α1...αn) (W,β1...βn) ,
where T and W are generi tensors whose indies have
been suppressed, the primes denote partial derivatives
and θαβ is onstant. Aiming to preserve Lorentz symme-
try we regard θαβ as an antisymmetri Lorentz tensor.
This yields the ommutator between oordinates
[xµ, xν ] = iθµν . (2)
In order to preserve general ovariane we introdue
instead the following generalized Moyal produt
T ∗W (x) = (3)
∞∑
n=0
(i/2)n
n! θ
α1β1 . . . θαnβn (T;α1...αn) (W;β1...βn) ,
where the semiolon denotes ovariant derivative with the
Levi-Civitta onnetion and θαβ is a non-onstant rank-
2 antisymmetri tensor. Despite being non-assoiative in
general, we shall see that for a salar eld Φ suh that
θαβΦ;α = 0 we reover assoiativity of the produt to
some extent.
By making use of the antisymmetry of θαβ one an
easily prove that, under onjugation, (T ∗W )∗ = W ∗ ∗
T ∗. The ompatibility of the metri yields gµν∗T = gµνT
so that the proess of raising and lowering indies is not
aeted by nonommutativity.
Nonommutative Lagrangian densities are obtained by
turning usual produts into star-produts so that one has
to evaluate integrals of the form
S =
∫
d4x
√−gT ∗ ∗W. (4)
Through the proess of integration by parts and drop-
ping surfae terms we an arrange the ovariant deriva-
tives on the star-produt to at either on T or on W ,
2that is
S =
∫
d4x
√−gT ∗ (AW ) (5)
=
∫
d4x
√−g (AT )∗W,
where A is an Hermitian operator given by
AW = (6)
∞∑
n=0
(−i/2)n
n!
[
θα1β1 . . . θαnβn (W;β1...βn)
]
;αn...α1
.
If the Lagrangian density is quadrati on the tensor T
one an use the property under onjugation to prove that
T ∗ T is real; hene
S′ =
∫
d4x
√−gT ∗ T =
∫
d4x
√−gT
(A+A∗
2
)
T
=
∫
d4x
√−gTOT, (7)
where the Hermitian operator O = 12 (A+A∗) has been
introdued
OW = (8)
∞∑
n=0
(−1/4)n
(2n)!
[
θα1β1 . . . θα2nβ2n (W;β1...β2n)
]
;α2n...α1
.
III. NONCOMMUTATIVE SCALAR FIELD
COUPLED TO GRAVITY
A. Massive salar eld
The nonommutative ation for a massive salar eld,
Φ, is quadrati, and so, aording with the results from
the last setion
S = − 12
∫
d4x
√−g {∇µΦO∇µΦ−m2ΦOΦ} , (9)
and the equation of motion being given by
∇µO∇µΦ +m2OΦ = 0. (10)
Operator O naturally arises in the equation of motion.
Furthermore, being an Hermitian operator it must or-
respond to an observable of the salar eld Φ. In the
ommutative limit, limθ→0O = 1. On the other hand,
swithing o gravity and admitting that θαβ is onstant
yields O = 1, sine the partial derivatives ommute and
are ontrated with the antisymmetri tensor θαβ in (8).
Hene, in this model, nonommutativity arises only for
non-trivial gravity. This is due to the fat that the usual
Moyal produt obeys, under integration, the yli prop-
erty
∫
d4x f ∗ g =
∫
d4x f g =
∫
d4x g ∗ f (11)
and the ation we are onsidering is quadrati.
B. Salar eld with an arbitrary potential
In this setion we onsider the nonommutative gener-
alization of an arbitrary analyti ommutative potential
V (Φ). Assoiativity played no part in the previous se-
tion beause one dealt with a quadrati ation. Now,
however, the ase of an arbitrary potential requires spe-
ial are as, in general, the resulting star-produt is not
assoiative.
Given a ommutative analyti potential
V (Φ) =
∞∑
n=0
λn
n!
Φn (12)
one wishes to onsider a nonommutative potential
VNC (Φ) in the form
VNC (Φ) =
∞∑
n=0
λn
n!
n factors︷ ︸︸ ︷
Φ ∗ . . . ∗ Φ . (13)
provided that the ation of the star-produt upon powers
of the salar eld Φ is assoiative. We shall analyze this
generalization of the potential in the ase where θαβΦ;β =
0.
Sine there is no a priori assoiativity, let us onsider
the sequene
s2 = (Φ ∗ Φ) sn+1 = Φ ∗ sn, n > 2. (14)
It is easy to prove that, up to seond order
sn ≃ Φn + n (n− 1)
2
Φn−2 (Φ∗ˆΦ) (15)
where one denes
ϕ∗ˆχ = − 18θα1β1θα2β2 (ϕ;α1α2) (χ;β1β2) . (16)
Also, for every m and n, it an be shown that, up to
seond order
sn ∗ sm ≃ sm+n (17)
whih proves that one an alulate the power sq group-
ing q star-produts in any way one wishes. Hene the
star-produt of powers of Φ is assoiative under these
onditions. Also, these results enables one to write
VNC (Φ) ≡ V (Φ) + 12V ′′ (Φ) (Φ∗ˆΦ) , (18)
3where
′ = d/dΦ.
The variation of the potential VNC in the ation is
given by
− δSpot
δΦ
= V ′ (Φ) + 12V
′′′ (Φ) (Φ∗ˆΦ)− 14F [V,Φ] , (19)
where we have dened the operator
F [V,Φ] = [12V ′′θα1β1θα2β2φ;β1β2];α2α1 . (20)
With this denition we also obtain that
OΦ;µ ≃ Φ;µ − 18F
[
Φ2,Φ;µ
]
. (21)
C. Homogeneous and isotropi spae-time
In what follows we shall assume that the Einstein-
Hilbert ation is unhanged by nonommutativity. This
is done as our aim is the study of the impliations of
a nonommutative algebra of tensors and beause there
is no anonial way of introduing this algebra in the
geometrial formulation of gravity (i.e. in the Riemann
tensor and, ultimately, in the Rii salar). Hene the
Einstein equations are given by
Rαβ = −8πk
[
1
2∇{αΦO∇β}Φ+ gαβVNC (Φ)
]
. (22)
As a onrete model we onsider a homogeneous
and isotropi spae-time desribed by the spatially at
Robertson-Walker metri
ds2 = −dt2 + R2 (t) (dx2 + dy2 + dz2) . (23)
The non-vanishing omponents of the Christoel symbols
are given by
Γtij = RR˙δij Γ
i
jt =
R˙
R
δij (24)
and the Rii tensor is diagonal and given by
Rtt = 3
R¨
R
Rij = −
(
RR¨+ 2R˙2
)
δij . (25)
The non-vanishing omponents of the antisymmetri
nonommutative tensor, θαβ , orrespond to two 3-vetors
whih we denote by
~E and ~B, in analogy with the ele-
tromagneti tensor. Thus, even if θαβ is homogeneous,
θαβ = θαβ (t), it is still possible that symmetry under
rotations is broken and some are should be taken on-
erning the hoie of an isotropi Ansatz of the metri,
sine
~E and ~B an indue preferred diretions in spae.
We shall show, however, that there is a nonommutative
model onsistent with homogeneity and isotropy to rst
order in perturbation theory, for the homogeneous salar
eld ∂iΦ = 0. Under these onditions, we get from Eqs.
(10) and (22)
Φ¨ + 3
R˙
R
Φ˙ + V ′ = (26)
∂t
(
R3F [Φ2,Φ;t])
8R3
+ 12V
′′′ (Φ∗ˆΦ) + 14F [V,Φ] ,
(
R˙
R
)2
= (27)
8πk
3
(
1
2 Φ˙
2 + V + 12V
′′ (Φ∗ˆΦ)− 116 Φ˙F
[
Φ2, Φ˙
])
.
We show in the Appendix the expliit omputation of
one of these terms, the remaining ones being analogous
Φ∗ˆΦ = − 12
(
RR˙Φ˙B
)2
,
F [V,Φ] = 12R3 ∂t
[
R5R˙2Φ˙B2 12V
′′
]
,
F
[
Φ2, Φ˙
]
= − 2R3 ∂t
[
R6R˙2B2∂t
(
Φ˙
R
)]
,
(28)
where we used the ondition
~E = 0 [14℄. This ondition
ensures that we have θαβΦ;β = 0 and the nonommu-
tative generalization of the salar potential (18) makes
sense. Hene we see that the dependene of Eqs. (28)
in θαβ is only through B2 and onsequently invariane
under rotations is preserved. Sine there is no known
dynamis for the
~B eld, we onsider the relationship
B2 = Bˆ2R−2ε, (29)
where Bˆ2 is a onstant. We shall determine the parame-
ter ε in the next setion.
IV. SLOW-ROLL IN CHAOTIC INFLATION
Here we investigate the impliations of nonommuta-
tivity in the slow-roll phase of a typial haoti ination.
Given its generi features and the fairly general ondi-
tions for the onset of ination, haoti models [13℄ are
partiularly suited for studying the eet of nonommu-
tativity. We seek solutions of Eqs. (26) and (27) in rst
order of perturbation theory in Bˆ2. To perform this we
onsider solutions of the following form
Φ = φ+ Bˆ2ϕ R = a+ Bˆ2χ, (30)
where φ and a are solutions of the unperturbed (ommu-
tative) problem, while ϕ and χ are arbitrary time depen-
dent funtions to be determined. We ignore in every step
higher order terms in Bˆ2. Using units in whih k = 1,
Eqs. (26) and (27) take ompat form
Φ¨ + 3
R˙
R
Φ˙ + V ′ = Bˆ2f, (31)(
R˙
R
)2
=
8π
3
(
1
2 Φ˙
2 + V
)
+
8π
3
Bˆ2g (32)
4in terms of funtions f and g speied below. Standard
perturbation theory gives rise to the usual inationary
equations
φ¨+ 3
a˙
a
φ˙+ V ′ (φ) = 0, (33)(
a˙
a
)2
=
8π
3
(
1
2
φ˙2 + V (φ)
)
. (34)
Onset of ination and slow-roll regime are ahieved
one the following onditions are met
V ′
V
≤
√
48π ,
V ′′
V
≤ 24π, (35)
so that we an neglet φ¨ in the Eq. (33) and φ˙2/2 in Eq.
(34). It then follows the useful ondition∣∣∣φ˙∣∣∣ ≤ √2V 1/2. (36)
Therefore, terms in Eqs. (28) an be evaluated using
the slow-roll onditions and, as illustrated in the Ap-
pendix, we obtain that all of them are proportional to
a4−2ε and to fators that depend on V and φ˙ . Sine the
Universe is expanding at an exponential rate, the pertur-
bation theory is meaningful only if ε ≥ 2. However, ε > 2
implies that the terms in Eqs. (28) derease so rapidly
that nonommutativity will not lead to any eet. Thus,
we onlude from the onsisteny of perturbation theory
that ε = 2. This is a natural hoie from the theoretial
point of view as well. Most of the studied nonommu-
tative models use a onstant θαβ . If one requires that
this is so for the physial oordinates yi = Rxi, then one
nds, inspired in Eq. (2),
[
yi, yj
]
= Bˆij and hene ε = 2.
Equations for the perturbations are obtained gathering
all terms proportional to Bˆ2 and this onstant anels out
from the dierential equations. Funtion ϕ satises the
relationship
f − 4π φ˙
a˙/a
g = (37)
ϕ¨+ 3
a˙
a

1 + 4π
3
(
φ˙
a˙/a
)2 ϕ˙+ V ′′
[
1 + 4π
V ′
V ′′
φ˙
a˙/a
]
ϕ,
where funtions f and g an be estimated (see Appendix)
using the slow-roll onditions:
|f | ≤ a1 12V 2V ′′ + a2 12V 2V ′′′ + a3V 3 + a4V 5/2,
|g| ≤ a5V 3 + a6 12V 2V ′′, (38)
with a1 ≃ 85.5 , a2 ≃ a6 ≃ 4.2 , a3 ≃ 3.30 × 103 ,
a4 ≃ 4.52× 103 and a5 ≃ 1.76× 102.
Potentials in haoti ination are haraterized by a
small overall oupling onstant, λ ≃ 10−14, to ensure
onsisteny with the amplitude of energy density pertur-
bations around 10−5, for φ eld values of a few Plank
units. Writing the potential as
V (Φ) = λ v (Φ) , (39)
and onsidering
v ≤ 102, (40)
it then follows that |f | ≤ 4.5×10−27 and |g| ≤ 1.8×10−34.
However, the seond term of the right-hand side of Eq.
(37) is of the order 2.5×10−6 while the third term is of the
order 7×10−11. So, for numerial purposes, the left-hand
side of the Eq. (37) is vanishingly small. But, in this
ase, one gets essentially the same dierential equation
that would arise when performing perturbation theory
on the standard slow-roll approximation with no extra
physis. Therefore, we onlude that nonommutativity
introdues no hange in inationary slow-roll physis for
the inaton eld.
Furthermore, from the equation for the χ perturbation
d
dt
(χ
a
)
=
4π
3a˙/a
(
φ˙ϕ˙+ V ′ϕ+ g
)
(41)
we an see that the upper limit for |g| assures that, nu-
merially, there is no dierene in this equation as well.
Hene, we are led to onlude that performing pertur-
bation alulations on the presene of nonommutativity
has no eet in the standard haoti inationary model.
V. CONCLUSIONS
In this work we have onsidered a natural extension
of the Moyal produt and studied its impliations to the
physis of a salar eld oupled to gravity. We presented
the general features of our formalism and applied it to
a spei study of the salar eld on a spatially at
Robertson-Walker metri.
Our results were obtained using perturbation theory,
whih neessarily requires that the antisymmetri non-
ommutative tensor, θαβ , is small ompared to the o-
variant derivative of the elds. This an be seen ana-
lyzing the expliit expression for the Moyal produt, Eq.
(3). Despite the fat that there is no equation for θαβ ,
both perturbation theory and theoretial onsiderations
show that θαβ ∼ R−2, where R is the sale fator. So we
nd that one perturbation theory is valid, it remains so
as far as the expansion of the Universe lasts.
The antisymmetri tensor θαβ an be parameterized
by two three-vetors, just like in the ase of the eletro-
magneti tensor (.f. Eq. (42) below). The homogeneity
requirement, that is, ∂iθ
αβ = 0, ould still lead to pre-
ferred diretions in spae rendering the isotropi Ansatz
of the Robertson-Walker metri meaningless. We show,
in rst order perturbation theory, this is not the ase
5sine the terms arising from nonommutative ontribu-
tions depend only on the rotationally invariants E2 and
B2.
In the slow-roll regime in the ontext of a typial
haoti ination we show that nonommutativity intro-
dues negligible orretions. This is mainly due to two
reasons. First, the sale parameter (that might yield
large deviations) does not appear in the rst order terms
as θαβ ∼ R−2, otherwise these would grow exponentially
and perturbation theory would be meaningless. On the
other hand, the slow-roll onditions yield small deriva-
tives for the inaton eld, Eq. (36), and for the loga-
rithm of the sale fator, Eq. (34), given the small ou-
pling onstant of the inaton potential. Sine the Moyal
produt involves many derivatives (it is highly non-loal)
the smallness of the nonommutative ontributions is well
understood. We an look at this from another perspe-
tive: sine perturbation theory requires that θαβ is small
ompared to the derivatives and these are very small,
then nonommutativity is naturally suppressed. There-
fore we are led to onlude that nonommutative eets,
if any, neessarily arise in the non-perturbative regime of
the theory.
Some remarks on our perturbative approah are in or-
der. Our alulations assume that perturbation theory
is valid from a given osmologial time t∗ onward. Thus,
if the onditions for ination are met and assuming that
B = BˆR−2, nonommutativity plays a negligible role.
This implies that B∗ = BˆR
−2
∗ ≪ 1, that is Bˆ ≪ R2∗,
and therefore, a suiently small Bˆ garantees the valid-
ity of perturbation theory for any given R∗. The atual
value for Bˆ an be quite small if t∗ is the onset of ina-
tion, a time haraterized by a small R∗. Notie that the
onstant Bˆ anels out in the perturbative dierential
equations, so its smallness plays no role on the smallness
of the extra terms in the perturbative dierential equa-
tions (37) and (41). These terms are small beause they
involve derivatives of high degree and powers of the salar
potential, whih has a small oupling onstant.
As for the behavior of the nonommutative tensor prior
to t∗, we propose no model for B. Even if the expression
B = BˆR−2 or other one with a singularity for B at R =
0 apply, this learly ours before perturbation theory
is valid. Furthermore, if t∗ oinides with the onset of
ination then the physis prior to t∗ has small impat,
sine haoti initial onditions are assumed.
There is also another senario where our onlusions
remain valid. If the nonperturbative regime allows for
ination then it ould be that part of ination is initialy
driven by nonommuativity and, at a later time, driven
by the mehanism here desribed. This would allow a
perturbative treatment beginning at a later time t∗ so
that the sale fator R∗ would be larger by several orders
of magnitude, and would allow larger values for Bˆ, also
by several orders of magnitude.
VI. APPENDIX
Here we perform some of the expliit alulations lead-
ing to the invariane of the theory under rotations, and
illustrate the small orretions that nonommutativity
introdues in the slow-roll regime. We reall that ∂iΦ = 0
and ∂iθ
αβ = 0 so that all spatial derivatives vanish. We
use the notation
θαβ =


0 −Ex −Ey −Ez
Ex 0 −Bz By
Ey Bz 0 −Bx
Ez −By Bx 0

 . (42)
Our aim is to alulate, for instane
Ω ≡ [12V ′′θα1β1θα2β2Φ;β1β2];α2;α1 = Tα1α2 ;α2α1 , (43)
where the denition of the tensor Tα1α2 is evident.
It is easy to show that
Tα1α2 ;α2α1 =
∂α1
(√−gTα1α2 ;α2)√−g = ∂t
(
R3T tα2;α2
)
R3
,
(44)
and hene
T tα2;α2 =
∂α2 (
√−gT tα2)√−g + Γ
t
α2νT
α2ν
=
∂t
(
R3T tt
)
R3
+RR˙δijT
ij . (45)
To evaluate the relevant entries of the tensor Tα1α2 we
ompute
Sµν ≡ Φ;νµ = Φ¨δtµδtν −RR˙Φ˙δ˜µν (46)
to get
T tt = − 12RR˙Φ˙V ′′δµνθtµθtν = − 12RR˙Φ˙V ′′E2,
δijT
ij = 12V
′′
[
δijθ
itθitΦ¨−RR˙Φ˙δijθiβ1θjβ2δβ1β2
]
= 12V
′′
[
E2Φ¨− 2RR˙Φ˙B2
]
. (47)
Thus we an expliitly verify the invariane of these
expressions under rotations as well as under translations.
Taking
~E = 0 leads to
Ω = − 1
R3
∂t
[
R5R˙2Φ˙B2V ′′
]
. (48)
Using perturbation theory in the slow-roll approxima-
tion, Eqs. (33), (34) and (35), one is lead to evaluate
Ω′ = − 2
a3
∂t
[
a5−2εa˙2φ˙12V
′′
]
= −16πφ˙
3a3
∂t
[
a7−2εV 12V
′′
]
(49)
= −16πa
4−2εφ˙
3
[
(7− 2ε)
√
8π
3 V
1/2F + F ′φ˙
]
,
6where F = 12V V
′′
. Using Eq. (36) and ε = 2, it follows
that
|Ω′| ≤ 16
√
2π
3
|V |
[
3
√
8π
3 |F |+
√
2 |F ′|
]
. (50)
Finally, from Eqs. (39) and (40), one obtains
|Ω′| ≤ 2.4× 10−37, (51)
whih illustrates how small are the orretions introdued
by nonommutativity.
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